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A NEW APPROACH FOR DRAWING A HIERARCHICAL GRAPH
(extended abstract)

Peter Eades !, Xuemin Lin ! and Roberto Tamassia 2

1. INTRODUCTION

Graph layout algorithms are increasingly
used in visualization for information and software
engineering: see [RDMMST], [GNV], for exam-
ple. The quality of the layout is the key to the
success of the model: a nicely drawn graph is
worth a thousand words, but a poor layout can be
misleading.

Of course the quality of a layout is a subjec-
tive matter, but several aesthetic criteria are gen-
erally accepted. For instance, a symmetric draw-
ing is desirable, and edge crossings should be
avoided. Other aesthetic criteria include the
minimization of the number of bends in the edges
[TA], the number of different slopes used by
edges [CPRU], and the variance in the edge
length [S].

In this paper we present a method for draw-
ing hierarchical directed graphs, which are
digraphs in which each node is assigned a layer as
in Figure 1.

Hierarchical graphs appear in several graph
drawing applications, where nodes are assigned
layers for semantic reasons. More importantly,
general methods for drawing directed graphs usu-
ally begin by transforming the input digraph into
a hierarchical graph, then apply a hierarchical
graph drawing algorithm: see [EL], [RDMMST],
[GNV].
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Our layout algorithm satisfies several
aesthetic criteria, the most important of which are
(in intuitive terms):

(1) if a planar drawing of the hierarchical graph
H is possible, then the drawing D (H) of H
output by our algorithm has no arc crossings,
and

(2) if a symmetric drawing of H is possible,
then D (H) is symmetric.

These properties are precisely defined and proved
in sections 4 and 5 respectively. Some further
remarks are in section 6.

2. TERMINOLOGY

Standard graph theoretic terminology is
from [BM].

A hierarchical graph H=(V,A, A, k) con-
sists of a directed graph (V, A), and, for each ver-
tex u, an integer A(x) € {1,2,....k}, with the pro-
perty that if u—veA then A(u)>A(v). For
1<i <k the set {u : Mu) =i} is the ith layer of

H and is denoted by L;. Note that a hierarchical

graph is acyclic.

The layers L, and L, are the boundary
layers of H. In many drawing applications, all
sources and sinks are in L, and L respectively; in
this case H is a boundary s—t graph.

The span of an arc u—wv is Au)-A(v).
Arcs of span greater than one are long; and a
hierarchical graph with no long arcs is proper.
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A hierarchical graph H is well connected if
for each pair u, v of vertices in the same layer L;,
there are two paths p,, and p, such that

- both paths start in L, and end in L ,; and
- p, contains u and p, contains v ; and

- if § is the set of vertices shared by p, and
Py, theneither ScUL;,orSCUL;.
j< Jj>i

The results below are quoted for well con-
nected proper boundary s—¢ graphs, but in many
cases they can be adjusted to hold for hierarchical
graphs in general; see section 6.2.

A hierarchical graph is conventionally
drawn with layer L; on the horizontal liney =i as
in Figure 1. Thus the y coordinates of vertices
are fixed by the drawing convention. Further, arcs
may be drawn as straight lines with no loss to
aesthetic criteria. Thus a drawing of a hierarchi-
cal graph H=(V, A, A, k) is effectively defined by
a mapping which assigns an x co-ordinate x (u) to
each vertex ueV. The drawing is hierarchically
planar if no pair of nonincident arcs cross. A
planar drawing is convex if every face is a convex
polygon. A hierarchical graph is hierarchically
planar if it has a hierarchically planar drawing.

A boundary drawing b of H assigns an x
coordinate b (u) for each u in the boundary layers
of H. A drawing D of H extends the boundary
drawing b if the position of each u in the boun-
dary layers of H is b(u). Our algorithm essen-
tially assumes that vertices in the boundary layers
have fixed positions; thus we say H is hierarchi-
cally planar with respect to b if it has a planar
drawing which extends b.

Denote the indegree of u by d,, and the
outdegree of u by d,'.

3. THE ALGORITHM

Our algorithm is based on an algorithm pro-
posed by Tutte [TU] for drawing triconnected
planar graphs. The algorithm has some mechani-
cal intuition, as follows. Replace each arc of H
by an length of elastic cord, and fix the positions
of the vertices in the boundary layers. Then allow
this mechanical system to reach a minimum
energy position; this is the drawing.

More precisely, for a proper boundary s—¢
graph H=(V,A,A k) we choose a boundary

drawing b for H, for eaxmple by spacing L, and
Ly equally on the linesy =1 and y =k. Then we
choose the x coordinate x(u) for each nonboun-
dary vertex u by

2;“_ '§ux )+

L s xw).(%

x(u) - 2du+ u— w

Theorem 1: If H is a proper boundary s—¢ graph
and b is a boundary drawing of H , then the equa-
tions (*) have a unique solution extending b. []

The equations (*) can be solved by simple
Gaussian elimination. However special properties
can be exploited to find a solution in time
0 (n*?); see [LRT]. In practice, we have found
that a simple Gauss-Seidel iteration works well.

For a hierarchical graph H, the drawing
output by the algorithm is denoted by D, (H ).

Note that the equations we use are different
from Tutte’s equations; in fact, the theorems in
section 4 and 5 below would not hold for an algo-
rithm directly using Tutte’s equations for
hierarchical graphs. A sample output of our algo-
rithm is in Figure 2.

Extension of the algorithm to cover
improper graphs is discussed in section 6.

4. PLANARITY AND CONVEXITY

An algorithm for finding a planar drawing
of a proper boundary s—¢ graph is given in [DN].
We can show that our algorithm achieves planar
drawings for a given boundary:

Theorem 2: Suppose that H is a well connected
proper boundary s—¢t graph. If H hierarchically
planar with respect to the boundary drawing b
then the drawing D, (H) is planar and convex.
Proof sketch: Convexity can be shown directly
from the equations (*).

Since H is hierarchically planar with
respect to b, there is some drawing DO(H)
which is planar with respect to b. Suppose that
xO(u) is the position of u in D@(H). We define
xU(u), j>O0, as follows. If u is a boundary ver-
tex, then x(u) = xU~D(u). Otherwise

l+ 3 xDw) + 2;_ Y xUDwy
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xD(u)=

The hierarchy of vertices in H ensures that x%)(u)
is uniquely defined for j20. Let DU)(H) be the



drawing with vertex u at x¥)(u). Using Theorem
1, we can show that D Y)(H) converges to Dy (H).

A geometrical argument can be used to
show if DU(H) is planar, then DY(H) is
planar. []

5. SYMMETRY

In this section we show that the algorithm
above “displays symmetries”; intuitively, this
means that if H has an appropriate automorphism
v, then D, (H) has a symmetry corresponding to ¥.
A general model for symmetry in graph drawings
is introduced in [ELM] to make such intuitive
notions precise; here we apply the model to
hierarchical graphs.

A drawing of a graph is symmetric if there
is a nontrivial isometry of the plane which maps
the image of a vertex to the image of a vertex, and
maps the image of an edge to the image of an
edge. Note that the centroid ¢ of the positions of
the vertices is fixed by a symmetry. It can be
shown that a symmetry of a drawing of a
hierarchical graph is either

(1) areflection in a vertical line through c;; or
(2) areflection in a horizontal line through c; or
(3) aproduct of (1) and (2).

A geometric automorphism of a hierarchi-
cal graph H =(V,A, A, k) is an automorphism 7y
of the underlaying undirected graph such that
¥ = 1 and either

(1) 7y preserves the layers, that is, ¥(L;) = L; for
1<i<k,or

(2) v reverses the layers, that is, Y(L;)=Li—in
forl1<i <k.
It is not difficult to show that a symmetry of
a drawing of a hierarchical graph induces a
geometric ‘automorphism of the hierarchical
graph. For the output D, (H) of our algorithm,
we can show the converse.

Theorem 3: Suppose that y is a geometric auto-
morphism of H. Then D, (H) has a symmetry
which induces Y.

Proof Sketch: The same strategy used to prove
Theorem 2 can be used for Theorem 3. First we
show that there is a symmetric drawing of H.
Then we show that the iteration used in the proof

.of Theorem 2 preserves this symmetry. []

6. REMARKS

6.1. Minimizing Crossings

The problem of minimizing arc crossings in
a hierarchical graph is NP-complete, even if there
are only two layers [GJ]. Further, the crossing
minimization problem is NP-complete even when
the boundary drawing is fixed:
Fixed Boundary Crossings problem:

INSTANCE: A boundary s—¢ graph H with
boundary drawing b ; an integer K .
QUESTION: Is there a hierarchical drawing of
H which extends b and has at most K cross-
ings?
Theorem 4: the Fixed Boundary Crossing prob-
lem is NP-complete.

Proof Sketch: The Theorem can be proved using
aresult from [EW]. (]

Several heuristics have been considered for
this problem, and many experimental results have
been reported; see [M], for example. Some of
these, such as those derived from the the
"barycentre” method [STT], are related our algo-
rithm in that, if run for long enough, they would
converge to D, (H).

We have tested our algorithm on a range of
graphs with up to 100 vertices. The number of
crossings in the output is generally about half the
number of crossings in a random hierarchical
drawing.

6.2. Extensions

The Theorems above can be generalized to
cover improper hierarchical graphs, using a
method which is standard in the graph drawing
literature: each arc of span k>1 is replaced by a
path of k—1 "dummy" vertices, then the algorithm
is applied. In the final drawing, the dummy ver-
tices are removed. Note that this strategy ensures
that the long arcs are drawn as straight lines by
our algorithm. It is not difficult to establish sym-
metry and planarity as well.

Likewise, an adjustment of the Theorems

can be applied for graphs which are not well con-
nected. In this case the solution of the equations
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(*) may place more than one vertex at the same
location; however, the vertices can be separated
without destroying planarity and symmetry.
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