On two lower bound constructions

Adrian Dumitrescu Computer Science, Rutgers University e-mail: dumitres@paul.rutgers.edu

Abstract

We address two problems. In the first, we refine the analysis of a lower bound construction of a point set having many non-crossing spanning trees. We also give more precise upper bounds on the maximum number of non-crossing spanning trees, perfect matchings and simple polygons of a planar point set. In the second, we give an improved lower bound construction for the d-interval problem.

1 Non-crossing subgraphs – an introduction

Consider a set of n points in the plane and the straightline drawing of the complete graph K_n they define. A subgraph of K_n in this drawing is called non-crossing (or crossing-free) if its edges intersect only at common vertices. Ajtai, Chvátal, Newborn and Szemerédi [ACNS82] proved that the number of non-crossing subgraphs of any drawing of K_n (even without the rectilinear restriction on edges) is bounded from above by 10^{13n}. This result was a consequence of a lower bound on the crossing number of a graph G (i.e. the minimum number of crossing pairs of edges over all planar drawings of G). An improvement in this lower bound on crossing number [PT97] lead to an improved upper bound of 53000^n on the number of non-crossing subgraphs. Further improvements on the number of noncrossing subgraphs have been obtained by bounding the number of triangulations of a planar point set. As noted in [GNT95], since every non-crossing subgraph can be extended to a triangulation, and since a triangulation has at most 3n edges, a bound of α^n on the number of triangulations implies a bound of 2^{3n}α^n = (8α)^n on the number of non-crossing subgraphs. Smith [S89] proved a bound of 173000^n on the number of triangulations of any planar point set with n points. An improved bound (on the number of triangulations) of 2^{12.245113n−Θ(logn)} ≤

4855^n was found by Seidel [S99], which was further improved by Denny and Sohler [DS97]. They proved a bound of 2^{8.12n+O(log n)} ≤ 279^n.

On the other hand, lower bounds on the maximum number of non-crossing subgraphs are provided by specific configurations of points (see [GNT95] for a review of results and for the latest improvements that we are aware of). Common types of geometric subgraphs are simple polygons, triangulations, perfect matchings and spanning trees. First Akl [A79], then Hayward [H87], later García and Tejel [GT99] gave lower bounds of 2.27^n, 3.26^n and 3.605^n respectively on the number of simple polygons. The best bounds we know are from [GNT95]: P (n) ≥ 4.642^n for simple polygons, U(n) = Ω(8^n/n^{O(1)}) = Ω((8 − ϵ)^n) for triangulations, M(n) = Ω(3^n/n^{O(1)}) = Ω((3 − ϵ)^n) for perfect matchings and T (n) = Ω(9.35^n) for spanning trees (ϵ > 0 is arbitrarily small).

Here we improve the analysis of a construction given in [GNT95], obtaining a better lower bound on the number of non-crossing spanning trees. We also get more precise upper bounds for these three types of subgraphs (polygons, matchings and trees) as derived from an upper bound on the number of triangulations.

2 A lower bound for spanning trees

We give a sharper analysis of a configuration S of n points presented in [GNT95]. The parameters α, β, γ are to be specified later. The points of S are partitioned into two convex chains with opposite concavity (see Figure 1), |S_1| = αn points on the upper chain C_1 and |S_2| = (1 − α)n points on the lower chain C_2. Take any partition S_1 = T_1 ∪ F_1 of the points in C_1 with |T_1| = (α − β)n, |F_1| = βn. Select any subset M_1 from T_1 with |M_1| = γn.

The points (vertices) in T_1, F_1, M_1 are called tree points, free points and matched points, respectively.

Figure 1: Counting spanning trees in S

Matched points are labeled by “m”, (the rest of the tree vertices are unlabeled) and the free points are labeled by “f” as in Figure 1. Take any spanning tree on the tree vertices of T_1. Choose any partition S_2 = A_2 ∪B_2 of the points in C_2 with |A_2| = (β+γ)n, |B_2| = (1−α−β−γ)n. Scan the points in M_1 ∪ F_1 from left to right and partition the vertices in A_2 into two sets, matched vertices M_2 and free vertices F_2 of S_2 in the following way: if the i-th point in M_1 ∪ F_1 is a matched point, make the corresponding point in A_2 a free point, and vice versa. Construct the set of tree vertices T_2 in S_2 as T_2 = M_2 ∪ B_2. Take any spanning tree on the tree vertices of T_2. Match vertices of M_1 with vertices of F_2 and vertices of M_2 with vertices of F_1 when scanning M_1 ∪ F_1 and M_2 ∪ F_2 , one point from each set at a time, from left to right. Finally, add an extra edge (say in S_2) to produce a spanning tree of S. It is known ([M48], [DP93]) that the number of non-crossing spanning trees of n points in convex position is given by

t_n = 1 2n − 1 ( 3n − 3 n − 1 ) = = Θ(n^{− 32} 2^{3H( 13 )n}) = Θ(n^{− 32} (27/4)^n).

The following is a lower bound on the number of spanning trees we obtain

T_n ≥ ( αn βn )( (α − β)n γn ) t_{(α−β)n} ( (1 − α)n (β + γ)n ) t_{(1−α−γ)n}.

Denote by H(q) = −q log q − (1 − q) log(1 − q) the binary entropy function, where log stands for the logarithm in base 2. From the well-known estimate ( n αn ) = Θ(n^{− 12} 2^{H(α)n}), we get that ( αn βn ) = Θ(n^{− 12} 2^{αH( βα )n}), ( (α − β)n γn ) = Θ(n^{− 12} 2^{(α−β)H( γα−β )n}), ( (1 − α)n (β + γ)n ) = Θ(n^{− 12} 2^{(1−α)H( β+γ1−α )n}).

The inverse polynomial factors can be ignored without affecting the final result (from the strict inequality on the function E(·) further below).

t_{(α−β)n}t_{(1−α−γ)n} = Ω(2^{3H( 13 )(1−β−γ)n}).

Finally, T_n ≥ Ω(2^{E(α,β,γ)n}), where

E(α, β, γ) = αH( β α ) + (α − β)H( γ (α − β) )+ +(1 − α)H( β + γ 1 − α

) + 3H( 1 3 )(1 − β − γ).

It can be checked that E(0.5, 0.088, 0.088) > 3.3819, which gives the bound

T_n = Ω(2^{3.3819n}) = Ω(10.42^n).

3 Specific upper bounds

As noted in the introduction, if we have an upper bound of α^n on the number of triangulations, we obtain from it a bound of (8α)^n on the total number of non-crossing subgraphs. However, for certain classes of subgraphs better bounds are derivable from it.

Since any triangulation has at most 3n edges and any perfect matching has n/2 edges, the number of perfect matchings is bounded as follows

M_n ≤ 2^{3H( 16 )n}α^n = (2^{3H( 16 )}α)^n ≤ (3.87α)^n.

Here we have used the estimate ( 3n_n 2 ) = Θ(n^{− 12} 2^{3H( 16 )n}).

Similarly, since every simple polygon has n edges, their number is bounded as

H_n ≤ 2^{3H( 13 )n}α^n = (2^{3H( 13 )}α)^n = (6.75α)^n.

Finally, since every spanning tree has n − 1 edges, their number is bounded by the same quantity

T_n ≤ 2^{3H( 13 )n}α^n = (2^{3H( 13 )}α)^n = (6.75α)^n.

Remark. Let M(S) stand for the number of noncrossing matchings of a finite planar point set S using straight line segments. Similarly, denote by P (S), U(S), T (S) the number of simple polygons, triangulations and spanning trees, respectively. It would be interesting to decide if there are any of these quantities always in the same order, independent of S.

4 d-intervals – an introduction

For a positive integer d, a (homogeneous) d-interval is a union of d closed intervals on a (same) line. Let H be a finite collection of d-intervals. The matching number of H, ν(H), is the maximum number of pairwise disjoint elements of H. The transversal number of H, τ(H), is the minimum number of points that intersect every member of H. For any hypergraph H^′, ν(H^′) ≤ τ(H^′) is a trivial inequality. Gyárfás and Lehel [GL70] proved that τ ≤ O(ν^{d!}) and Kaiser [K97] proved that τ ≤ O(d^2ν). More exactly, the latter bound is (d^2 − d + 1)ν in general, and (d^2 − d)ν for certain values of d ≥ 3. Recently Alon [A98] has given a simpler proof of a slightly weaker bound: τ ≤ 2d^2ν.

In [K97], Kaiser pointed out that it is an open problem to improve the existing lower bound on the possible transversal number of systems of d-intervals. As mentioned there and also to our knowledge, the best available is τ ≥ dν for general d. In the special case d = 2, the best upper bound τ ≤ 3ν is tight. This follows from a construction taken from [GL70], (which appears also in [K97],) of a family of 2-intervals having ν = 1 and τ = 3. It is shown in Figure 2. Using several disjoint copies of this family, one can see that the above inequality is optimal for all ν. To our knowledge, the case d = 2 is the only one for which exact bounds are known. In the next Section, we generalize this construction for any d, proving a lower bound of (2d − 1)ν.

Figure 2: A family of 2-intervals with ν = 1 and τ = 3

5 Construction of a system of dintervals

We use the following notation. For two positive integers, i < j, [i, j] means the list of all integers between i and j: {i, i + 1, . . . , j}. Given three lists of integers, l1, l2, l3, we say that C(l1; l2, l3) is a column of intervals, if (i) all intervals identified by elements of l1 are the same; these are called long intervals.

(ii) the intervals identified by elements of l2 and l3 have an equal but smaller length, are disjoint, follow the order in the concatenation of the two lists and their union is included in any long interval of l1; these are called short intervals.

Using this notation, the system of 6 2-intervals in Figure 2 is described by

C([1, 2]; [3, 4]), C([3, 4]; [5, 6]), C([5, 6]; [1, 2]).

Figure 3 shows a column of intervals C([28, 36]; [37, 45], [1, 9]) with 9 long and 18 short intervals. In a similar way, we can have columns defined by only two lists C(l1; l2), in which case the short intervals are identified by one list only.

Figure 3: A column of intervals: C([28, 36]; [37, 45], [1, 9])

Let x = 4d − 3. Our system of d-intervals consists of several disjoint columns, linearly ordered from left to right:

C([1, x]; [x + 1, dx]), C([x + 1, 2x]; [2x + 1, (d + 1)x]), . . C([(d − 1)x + 1, dx]; [dx + 1, (2d − 1)x]), C([dx + 1, (d + 1)x]; [(d + 1)x + 1, (2d − 1)x], [1, x]), C([(d + 1)x + 1, (d + 2)x]; [(d + 2)x + 1, (2d − 1)x], [1, 2x]), . . C([(2d − 2)x + 1, (2d − 1)x]; [1, (d − 1)x]).

Write c for the number of columns, c = 2d−1. It can be checked that for this system of d-intervals, ν = 1. If D is the maximum degree of the hypergraph (the maximum number of d-intervals containing any point), D = x + 1 = 4d − 2. The total number of d-intervals is m = (2d − 1)x = (2d − 1)(4d − 3). Clearly, τ ≥ m D = (2d − 1)(4d − 3)

(4d − 2) = 4d − 3 2 = 2d − 1.5.

This implies τ ≥ 2d − 1. It can also be seen that τ ≤ c = 2d − 1, hence τ = 2d − 1. By taking several disjoint copies of this system, for any ν, one can get systems for which τ = (2d − 1)ν.

For small values of d, we obtain the following systems of d-intervals

d = 2 : C([1, 5]; [6, 10]), C([6, 10]; [11, 15]),

C([11, 15]; [1, 5]);

d = 3 : C([1, 9]; [10, 27]), C([10, 18]; [19, 36]),

C([19, 27]; [28, 45]), C([28, 36]; [37, 45], [1, 9]),

C([37, 45]; [1, 18]);

(the 4-th column in this system appears in Figure 3)

d = 4 : C([1, 13]; [14, 52]), C([14, 26]; [27, 65]),

C([27, 39]; [40, 78]), C([40, 52]; [53, 91]),

C([53, 65]; [66, 91], [1, 13]),

C([66, 78]; [79, 91], [1, 26]), C([79, 91]; [1, 39]).

References

[ACNS82] M. Ajtai, V. Chvátal, M. Newborn and E.

Szemerédi, Crossing-free subgraphs, Annals of discrete Mathematics 12 (1982), 9-12.

[A79] S. Akl, A lower bound on the maximum number of crossing-free Hamilton cycles in a rectilinear drawing of K_n, Ars Combinatoria 7 (1979), 7-18.

[A98] N. Alon, Piercing d-intervals, Discrete and Computational Geometry 19 (1998), 333-334.

[DS97] M. Denny and C. Sohler, Encoding a triangulation as a permutation of its point set, Proceedings of the 9-th Canadian Conference on Computational Geometry (1997), 39-43.

[DP93] S. Dulucq and J. G. Penaud, Cordes, arbres et permutations, Discrete Mathematics 117 (1993), 89-105.

[GNT95] A. García, M. Noy and A. Tejel, Lower bounds on the number of crossing-free subgraphs of K_n, Proceedings of the 7-th Canadian Conference on Computational Geometry (1995), 97-102.

[GT99] A. García and A. Tejel, A lower bounds for the number of polygonizations of n points in the plane, to appear in Ars Combinatoria.

[GL70] A. Gyárfás and J. Lehel, A Helly-type problem in trees, In: Combinatorial Theory and its Applications (P. Erdős, A. Rényi and V.T. Sós eds.), North Holland, Amsterdam 1970, 571-584.

[H87] R. B. Hayward, A lower bound for the optimal crossing-free Hamiltonian cycle problem, Discrete and Computational Geometry 2 (1987), 327-343.

[K97] T. Kaiser, Transversals of d-intervals, Discrete and Computational Geometry 18 (1997), 195- 203.

[M48] T. Motzkin, Relations between cross ratios hypersurfaces and a combinatorial formula for partitions of a polygon, for permanent preponderance and for non-associative products, Bulletin of AMS 54 (1948), 352-360.

[PT97] J. Pach and G. Tóth, Graphs drawn with few crossings per edge, Combinatorica 17 (1997), 275-287.

[S99] R. Seidel, On the number of triangulations of a planar point set, to appear in Combinatorica.

[S89] W. D. Smith, Studies in Computational Geometry motivated by Mesh Generation, Ph.D. Thesis, Princeton University, 1989.