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Abstract

The crossing number CR(G) of a graph G is the min-
imum possible number of edge-crossings in a drawing
of G, the pair-crossing number PCR(G) is the minimum
possible number of crossing pairs of edges in a draw-
ing of G, and the odd-crossing number OCR(G) is the
minimum number of pairs of edges that cross an odd
number of times. Clearly, oCR(G) < PCR(G) < CR(G).
We construct graphs with 0.855 - PCR(G) > OCR(G).
This improves the bound of Pelsmajer, Schaefer and
Stefankovié. Our construction also answers an old ques-
tion of Tutte.

Slightly improving the bound of Valtr, we also show
that if the pair-crossing number of G is k, then its cross-
ing number is at most O(k?/ log? k).

1 Introduction

In a drawing of a graph G vertices are represented by
points and edges are represented by Jordan curves con-
necting the corresponding points. If it does not lead to
confusion, we do not make any notational distinction
between vertices (resp. edges) and points (resp. curves)
representing them. We assume that the edges do not
pass through vertices, any two edges have finitely many
common points and each of them is either a common
endpoint, or a proper crossing. We also assume that no
three edges cross at the same point.

The crossing number CR(G) is the minimum number
of edge-crossings (i. e. crossing points) over all drawings
of G. The pair-crossing number PCR(G) is the minimum
number of crossing pairs of edges over all drawings of
G, and the odd-crossing number OCR(G) is the minimum
number of pairs of edges that cross an odd number of
times over all drawings of G.

Clearly, for any graph G we have

OCR(G) < PCR(G) < CR(G).

Pach and Téth [PT00a] proved that CR(G) cannot
be arbitrarily large if OCR(G) is bounded, namely, for
any G, if OCR(G) = k, then CR(G) < 2k? and this
is the best known bound. Obviously it follows that
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PCR(G) < 2k? as well and this is also the best known
bound. On the other hand, Pelsmajer, Schaefer and
Stefankovié [PSS06] proved that 0Cr(G) and PCR(G)
are not necessarily equal, they constructed a series of
graphs with

oCR(G) < <§ + o(l)) - PCR(G).

We slightly improve their bound with a completely dif-
ferent construction.

Theorem 1. There is a series of graphs G with

OCR(G) < <3—\2/3 - g + o(l)) - PCR(G).

Note that @ ~ 0.866 and %g — g ~ 0.855. There
are many other versions of the crossing number (see e.
g. [PTO0b], [PSS05]). Tutte [T70] defined the follow-
ing version which we call independent algebraic crossing
number, IACR(G), and we also define its close relative
the algebraic crossing number, ACR(G).

Orient the edges of G arbitrarily. For any drawing D
of G, and any two edges ¢ and f, let ¢t (resp. ¢~) be the
number of e—f crossings where e crosses f from left to
right (resp. from right to left). Let c(e, f) = |¢t — ¢,
and let ¢(D) = > c(e, f) where the summation is for
all pairs of independent edges. Similarly, let ¢/(D) =
> c(e, f) where the summation is for all pairs of edges.
Finally, let IACR(G) be the minimum of ¢(D) for all
drawings D of G, and let ACR(G) be the minimum of
(D) for all drawings D of G.

It is easy to see that for any graph G we have
IACR(G) < ACR(G) and

OCR(G) < ACR(G) < cr(G).

In the construction of Pelsmajer, Schaefer and Stefan-
kovi¢ [PSS06] for each of the graphs the pair-crossing
number and the algebraic crossing number are equal.
Therefore, for their series of graphs

OCR(G) < (? + 0(1)) - ACR(G).

We show that ACR(G) and PCR(G) are not necessarity
equal either.
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Theorem 2. There is a series of graphs G with

ACR(G) < <¥ - g + 0(1)) - PCR(G).

Since OCR(G) < ACR(G) for every graph G, The-
orem 1 is an immediate consequence of Theorem 2.
Tutte [T70] asked if IACR(G) = CR(G) holds for ev-
ery graph G. Since IACR(G) < ACR(G), Theorem 2
gives a negative answer for this question. Finally, since
PCR(G) < CR(G), Theorems 1 and 2 hold also for
CR(G) instead of PCR(G). Moreover, the whole argu-
ment works, without any change.

It is still a challenging open question whether CR(G)
= PCR(G) holds for all graphs G. Pach and Téth
[PT00a] proved that for any G, if PCR(G) = k, then
CR(G) < 2k%  Valtr [V05] managed to improve this
bound to CR(G) < 2k?/logk. Based on the ideas of
Valtr, in this note we give a further little improvement.

Theorem 3. For any graph G, if PCR(G) = k, then
CR(G) < 9k2/log? k.

The proof of Theorem 3 is omitted from this version,
but it is available in the electronic version.

2 Proof of Theorem 2

The idea and sketch of the construction. For sim-
plicity, we write alg-crossing number for the algebraic
crossing number. In the descriprion we use weights on
the edges of the graph. If we substitute each weighted
edge by an appropriate number of parallel paths, say,
each of length two, we can obtain an unweighted simple
graph whose ratio of the pair-crossing and alg-crossing
numbers is arbitrarily close to that of the weighted con-
struction.

First of all, take a “frame” F', which is a cycle K with
very heavy edges, together with a vertex V connected to
all vertices of the cycle, also with very heavy edges. In
the optimal drawings the edges of F' do not participate
in any crossing, and we can assume that V is drawn
outside the cycle K. Therefore, all additional edges and
vertices of the graph will be inside K.

We have four further vertices, each connected to three
different vertices of the frame-cycle K. These three
edges have weights 1, 1, w respectively, with some
1 < w < 2. Each one of these four vertices, together
with the adjacent three edges, and the frame F', is called
a component of the construction.

If we take any two of the components, it is easy to see
how to draw them optimally, both in the alg-crossing
and pair-crossing sense. See Figure 1. The point is that
if we take all four components, we can still draw them
such that each of the six pairs are drawn optimally, in

the alg-crossing sense. See Figure 2. On the other hand,
it is easy to see that it is impossible to draw all six pairs
optimally in the pair-crossing sense, some pairs will not
have their best drawing. See Figure 3. Note that we
did not indicate vertex V of the frame.

We get the best result with w = @ Actually, we
will see that among any three components there is a pair
which is not drawn optimally in the pair-crossing sense.
So, we could take the union of just three components,
but that gives a weaker bound.
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Figure 1: (a) Component A (b), (¢) Optimal drawings
of the pairs (A, B) and (A4, C), resp.

Figure 2: (a) Optimal drawing of G in the alg-crossing
sense (b), (¢) The pairs (A, B) and (A, C) resp. from
the same drawing.
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Figure 3: (a), (b) Cases 1 and 2 of Lemma 2, resp.,
optimal drawings of G in the pair-crossing sense (c) Case
3, not optimal drawing.

Proof of Theorem 2.

A weighted graph G is a graph with positive weights
on its edges. For any edge e let w(e) denote its weight.
For any fixed drawing G of G, the pair-crossing value
PCR(G) = Y w(e)w(f) where the sum goes over all
crossing pairs of edges e, f. For the alg-crossing value
ACR(G), orient the edges of G arbitrarily, let ¢ (resp.
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¢”) be the number of e—f crossings where e crosses
f from left to right (resp. from right to left), let
cle, f) = et —¢7|. The alg-crossing value ACR(G) =
S w(e)w(f)c(e, f) where the sum goes over all pairs of
edges e, f.

The pair-crossing number (resp. alg-crossing number)
is the minimum of the pair-crossing value (resp. alg-
crossing value) over all drawings. That is,

PCR(G) = min Z w(e)w(f),
all drawings
all crossing pairs
of edges e, f

ACR(G) = min g
all drawings
all pairs

of edges e, f

w(e)w(f)c(e, f)-

Theorem 4. There exists a weighted graph G with
PCR(G) = (B — 5). Acr(G).

Proof of Theorem 4. First we define the weighted
graph G. Take nine vertices, Ay, B3, As, C1, D3, Cs,
By, As, By, D1, C3, Dy which form cycle K in this
order. Vertex V is connected to all of the nine vertices
of K. These vertices and edges form the “frame” F.
All edges of F' have extremely large weights, therefore,
they do not participate in any crossing in an optimal
drawing. We can assume without loss of generality that
V' is drawn outside the cycle K, so all further edges and
vertices of G will be inside K.

There are four more vertices, Ay, By, Co, Do, and for
X = A, B,C,D, Xq is connected to X1, X, and X3.
The weight w(XoX1) = w(XoX2) =1 and w(XpX3) =
w = @ Graph X is a subgraph of G, induced by the
frame and Xy. See Figure 1. Finally, for any X,Y =
A,B,C,D, X #Y,let PCR(X,Y) = PCR(X UY), and
ACR(X,Y) = ACR(X UY).

First we find all these crossing numbers. Moreover,
we also find the second smallest pair-crossing values.

Start with AU C. Since the path A;B3As is not in-
tersected by any edge in an optimal drawing, we can
contract it to one vertex, without changing the pair-
crossing number, so now A; = As. Consider the edges
e1 = A1Ap and e; = As Ag. Now they connect the same
vertices. Suppose that they do not go parallel in an op-
timal drawing. Let w*(e;) (resp. v*(ez)) be the sum
of the weights of the edges crossing e; (resp. es) and
assume without loss of generality that w*(e;) < w*(es).
Then draw es parallel with e;, the drawing obtained
is at least as good as the original drawing was, so it
is optimal as well. Therefore, we can assume without
loss of generality that e; and e; go parallel in an opti-
mal drawing, so we can substitute them by one edge of
weight 2. Similarly, we can contract the path CyD3Cs
and substitute the edges C1Cy and C2Cy by one edge
of weight 2. Now we have a very simple graph, whose
pair-crossing number is immediate, that is, we have two

paths C1CyC3 and A;AygAs, which have to cross each
other, and on both paths one edge has weight w, the
other one has weight 2. Since w < 2, in the optimal
drawing the edges AgAs and CyC3 will cross each other
and no other edges cross so we have PCR(4,C) = w?.
Moreover, it is also clear that the second smallest pair-
crossing value is 2w.

The same argument holds for ACR(A, C), moreover,
by symmetry, we can argue exactly the same way for
the pairs (4, D), (B,C), and (B, D).

Now we determine PCR(A, B) and the second smallest
pair-crossing value. The edges a3 = AgA1, as = AgAs,
a3 = ApAs divide the interior of F' into three regions
Ry, Ry and R3. Number them in such a way that for
1=1,2,3, a; is outside R;. See Fig. 1. Once we place
By into one of these regions, it is clear how to draw the
edges bl = BoBBl, bQ = B()BBQ, bg = BoBBg to get
the best of the possible drawings. If By is in R; or in
R5, we get the pair-crossing value 2w, but if we place
By in Rj3, then we get 2. Again, the same argument
holds for ACR(A, B), and by symmetry, the situation is
the same with the pair (C, D). See Figure 1.

Lemma 1.
ACR(G) = 4w? + 4.

Proof of Lemma 1. We have ACR(G) > ACR(4, B)+
ACR(A,C) + ACR(A, D) + ACR(B,C) + ACR(B, D)+
ACR(C, D) = 4w? + 4, and there is a drawing (see Fig.
2) with exactly this alg-crossing value. OJ

Lemma 2.
PCR(G) = 4w* + 4w.

Proof of Lemma 2. The argument, except for the ex-
act calculation, should be clear from the figures. While
we have a drawing which is optimal for all six pairs in
the alg-crossing sense (see Fig. 2), in the pair-crossing
sense some of the pairs will not be optimal, they have
to take at least the second smallest pair-crossing value.
We start with an observation that in any triple at least
one pair is not optimal. Then we will distinguish three
cases.

Suppose we have a drawing G of G where pairs (4, C)
and (A, D) are drawn optimally, that is, PCR(A,C) =
PCR(A, D) = w?. Recall that the edges a3 = AgAi,
as = AgAs, a3 = AgAsz divide the interior of F into
three regions R;, Re and Rs. It follows from the above
argument that Cy € Ry, Dy € Ro. But then the pair
(C, D) is not drawn optimally, that is, PCR(C,D) > 2,
so we have PCR(C,D) > 2w. In other words, it is im-
possible that all three pairs (4,C), (4, D), (C,D) are
drawn optimally at the same time. By symmetry, this
observation holds for any triple of A, B, C, D.

We have to distinguish three cases.

Case 1. Neither (4, B), nor (C,D) are drawn opti-
mally. In this case, PCR(A,B) > 2 so by the pre-
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vious argument we have PCR(A,B) > 2w, and simi-
larly PCR(C,D) > 2w. For all other pairs we have
pair-crossing value at least w?, therefore, PCR(G) =
PCR(A,B) + PCR(A,C) + PCrR(A,D) + pPCRr(B,C)+
PCR(B, D) + PCR(C, D) > 4w? + 4w.

Case 2. (A, B) is drawn optimally, (C, D) is not. Since
(A, B) is drawn optimally, one of the pairs (A, C) and
(B,C) and one of the pairs (4, D) and (B, D) is not
drawn optimally so we have PCR(A,C) + PCR(B,C) >
w? 4+ 2w and analogously PCR(A,D) + PCR(B,D) >
w? + 2w, therefore, PCR(G) = PCR(A, B) + PCR(A,C)+
pPCR(A,D) + pcr(B,C) + pcr(B,D) + pcr(C,D) >
2w? + 6w + 2 = 4w? + 4w. The last equality can be
verified by solving the quadratic equation.

Case 3. Both (4, B) and (C, D) are drawn optimally.
If none of the other four pairs is optimal, then we
have PCR(G) = PCR(A, B) + PCR(A,C) + PCR(A, D)+
PCR(B,C)+PCR(B,D)+PcR(C,D) > 8w+4 = 4w? +4w.
So we can assume that one of them, say (A,C) is
drawn optimally, that is, PCR(A,C) = w?. Since in any
triple we have at least one non-optimal pair, we have
PCR(B,C) > 2w and PCR(A, D) > 2w. We estimate
PCR(B, D) now.

Again, the edges a; = A()Al, as = A()AQ, asz = A()Ag
of A divide the interior of F' into three regions Ry, Ro
and Rz with R; is the one to the opposite of a;. Simi-
larly define the regions Q1, Q2, Q3 for C. Since (A, C) is
drawn optimally, R3 and Q3 are disjoint. Since (A, B)
is drawn optimally, By € Rs, and since (C, D) is also
drawn optimally, Dy € Q3. See Figure 3. Now it is not
hard to see that the edge DyD; either crosses AgAj,
ApAs, and ByBs, or BoB1, BgBs, and AgAs. The same
holds for the edge DoD1, so PCR(A, D) + PCr(B,D) >
2w + 4. So we have PCR(G) = PCR(A, B) + PCR(A,C)+
pPCR(A,D) + pcr(B,C) + pcr(B,D) + pcr(C,D) >
w? 4+ 4w + 8 > 4w? + 4w. This concludes the proof
of Lemma 2. 0.

Now we have

ACR(G) =5 3vh

4w? 4 4 —5+3\/5
PCR(G)  4w?+4w 2 2

and Theorem 4 follows immediately. [

Proof of Theorem 2. Let € > 0 an arbitrary small
number. Let p and g be positive integers with the prop-
erty that w(1 + 5) > 2 > w(l — {5). Let G be the
following graph. In the weighted graph G of Theorem
4, (i) substitute each edge e = XY of weight 1 with ¢
paths between X and Y, each of length 2, (ii) substitute
each edge e = XY of weight w with p paths between X
and Y, each of length 2, and (iii) substitute each edge
e = XY of the frame F' with a huge number of paths

between X and Y, each of length 2. Then

ACR(G) -5 35
PCR(G)(1+€)<7+T+E. O

ACR(G.)
PCR(G.)
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