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Abstract

All known examples of generic 3D bar-and-joint frame-
works where the distance between a non-edge pair is
implied by the edges in the graph contain a rigid vertex-
induced subgraph.

In this paper we present a class of arbitrarily large
graphs with no non-trivial vertex-induced rigid sub-
graphs, which have implied distances between pairs of
vertices not joined by edges. As a consequence, we ob-
tain (a) the first class of counter-examples to a potential
combinatorial characterization of 3D generic indepen-
dence and rigidity proposed by Sitharam and Zhou [5]
and (b) the first example of a 3D rigidity circuit which
has no non-trivial rigid induced subgraphs.

1 Introduction

Finding a combinatorial characterization for rigidity
and independence of bar-and-joint frameworks in 3D re-
mains an elusive, long-standing open problem. In 2D,
the question is completely answered by Laman’s The-
orem, with several other equivalent characterizations
(e.g. [4]) leading to efficient algorithms.

Figure 1: A banana-framework.

Laman’s Theorem. The graph G = (V, E) underlying
a bar-and-joint framework G(p) is independent in 2D if
and only if every subgraph G' = (V' E') of G satisfies
the edge-sparsity counts |E'| < 2|V’| — 3.
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We refer the reader to [3] for standard terminology
and notations in Rigidity Theory.

A generalization of this condition, originating in
James Clerk Maxwell’s work from the 19th century, is
known to be necessary, but not sufficient for 3D inde-
pendence, resp. rigidity:

Maxwell’s Counting Condition. A graph G satisfies
Maxwell’s counts in 3D if all its subgraphs G’ = (V', E')
span at most |E'| < 3|V’| — 6 edges.

In addition, minimally rigid graphs in 3D must have
exactly |E| = 3|V|—6 edges. A simple example of a rigid
graph, obviously satisfying these counts, is the banana
framework from Fig. 1, obtained by glueing together the
skeleta of two 3D tetrahedra.

However, it is known that Maxwell’s condition is
not sufficient. The classical example (the so-called
double-banana graph) is illustrated in Fig. 2. It satisfies
Maxwell’s counts, but the framework is clearly flexible,
and dependent. Intuitively, the dependence arises as
follows.

Figure 2: The double-banana framework.

A non-edge of G is a pair (u,v) € E. A non-edge is
said to be implied if there exists an independent sub-
graph G’ of G such that G’ U (u,v) is dependent. This
is equivalent to saying that there is no infinitesimal mo-
tion with a non-zero component along the direction of
p(u) — p(v), in a generic realization G(p) of G.

The non-edge shared by the two bananas is implied, in
G, by each of its banana subgraphs. Since each banana
is rigid, as an induced subgraph, the distance along the
non-edge (u,v) (along which the bananas are connected)
is double-determined, and the graph is dependent.



Other frameworks, such as the triple-banana of Fig. 3,
may contain rigid components made entirely from im-
plied non-edges. These components would not be rigid
as induced subgraphs. Another example of a dependent
graph satisfying Maxwell’s counts for independence is
due to Crapo (Fig. 4).

Figure 3: The triple-banana framework. Besides the
three bananas, a fourth rigid component is induced by
the three implied non-edges (dashed).

These examples, as well as all known counterexam-
ples to Maxwell’s counts [2] appearing in the literature
satisfy the following:

Nucleation property. A graph G has the nucleation
property if it contains a non-trivial rigid induced sub-
graph. Trivial means a complete graph on 4 or fewer
vertices.

Figure 4: Crapo’s graph with a “hinge” structure

This leads to the natural question:

Nucleation-free Rigid Graphs: Do all graphs that
are dependent but satisfy Mazwell’s counts have the nu-
cleation property?

Our Contribution. We answer this question in the
negative. We construct a class of flexible 3D frameworks
satisfying Maxwell’s counts which have no proper rigid
nuclei besides trivial ones (triangles).

Further consequences. Sitharam and Zhou [5] gave
several examples where Maxwell’s counts were insuf-
ficient for rigidity, all of which satisfy the nucleation

Figure 5: A roof.

property. Using a combinatorial notion capturing the
recursive nature of nucleation (called module-rigidity),
they propose an algorithm which characterizes generic
independence in a large class of such graphs by using
the presence of rigid nuclei. It has been an open prob-
lem whether this algorithm can fail to detect 3D in-
dependence and rigidity, i.e. whether module-rigidity
coincides or not with 3D rigidity.

The result presented here settles the question (in the
negative).

As another consequence of our work, we obtain the
first example of a flexible 3D rigidity circuit which has
no non-trivial rigid induced subgraph. Until now, such
examples were only available in 4D, but, according to
[3], not in 3D: The only known non-rigid circuits in the
3D rigidity matroid arise from amalgamations of cir-
cuits forced by Mazwell’s condition. In 2D, however, all
rigidity circuits are rigid. Our result implies, in addi-
tion, that Lovasz’ characterization [4] of 2D rigidity via
coverings cannot be extended to 3D.

In the rest of this abstract we describe the counter-
examples and sketch the proofs.

2 Main example: a ring of 7 roofs

We define a roof to be a graph obtained from K35, the
complete graph of five vertices, by deleting two non-
adjacent edges. A 3D realization of a roof is depicted in
Fig. 5. In the terminology of [7], this is a single-vertex
origami over a 4-gon.

The basis of our family of counter-examples is the ring
of 7 roofs. Two roofs are connected along a non-edge,
as in Fig. 6. Since there are only two edges that were
removed from K3, each roof can be connected to at most
two others. A chain of seven roofs is closed back into
a ring, as depicted schematically in Fig. 7. It is trivial
to see that this graph contains no non-trivial induced
rigid subgraph. It remains to show that each roof is a
rigid component in the context of the entire ring. The
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Figure 6: Connecting two roofs.

Figure 7: Ry7. In this graph, each circle represents a
roof, which has two hinges denoted as dotted lines, and
the oval represents the ring.

proof proceeds by showing that each roof’s non-edges
are implied.

The main theorem and two of its important corollaries
can now be stated.

Theorem 1 In a ring of 7 roofs, the two non-edges
within each individual Toof are implied.

The proof will be sketched in the next section.

Corollary 2 The double-ring of 7 roofs from Fig. 8 an-
swers the Nucleation-Free Rigid Graph Question in the
negative.

Proof. From Theorem 1 it follows that both the left
and the right rings of Fig. 8 imply the non-edge (u,v).
Hence both rings determine the distance of (u,v), and
the double-ring is generically dependent. However, since
the entire graph has no non-trivial rigid induced sub-
graphs, it does not have the Nucleation Property. It is
easy to verify that it satisfies Maxwell’s sparsity counts.
The double 7-ring has 3dofs. This can be easily observed

by counting: each 7-ring has 1dof, and there is an addi-
tional rotation along the multiple non-edge hinge where
the two rings are glued. O

Figure 8: The double-ring of 7 roofs, obtained by glue-
ing two rings along a roof non-edge.

Corollary 3 On the flexible double-ring in Fig. 9,
the algorithm of [5] returns module-rigid. Therefore,
module-rigidity does not coincide with 3D rigidity.

N

Figure 9: A schematic representation of the 1dof flexible
framework that Sitharam and Zhou’s[5] algorithm will
classify as module-rigid. It is obtained by adding two
bars between the two rings of the double-ring of Fig. 8.

Proof. When a graph has no smaller induced rigid sub-
graphs, Sitharam and Zhou’s[5] algorithm reduces to
checking Maxwell’s counts. In this case, the graph will
be declared module-rigid. On the other hand, it has one
degree of dependency, and hence one degree of freedom,
since (u,v) is an implied edge. Another way of seeing
this is to observe that the two extra bars can only elim-
inate two dofs from the 3dofs double-ring. This shows
that module-rigidity is a weaker concept than 3D rigid-
ity. O

Corollary 4 Theorem 1 can be extended to a ring of
an arbitrary number k > 7 of roofs.

This is a consequence of the proof of Theorem 1, and
is presented in the next section.

3 Proof of the Main Theorem

We have two proofs, each one relying on a different tech-
nique and hence of independent interest. The common
denominator is the general approach of proving generic
independence by providing an explicit realization where
the rank of the rigidity matrix associated to a graph is
maximum.



In the first proof, we first show, by induction on k,
that, generically, the rigidity matrix of a ring of kK > 7
roofs has maximal rank equal to the number of edges (its
rows are independent). Therefore this rank is exactly
k — 6 less than the required Maxwell count for rigidity,
and thus the ring has, generically, k — 6 internal degrees
of freedom (dofs). Next we show that in any generic
realization of the ring, when any one of the non-edges is
added to any single roof, the resulting banana is rigid.
Finally, we use Tay’s theorem [8, 9] on body-and-hinge
structures to show that the ring, with these non-edges
replaced by edges, continues to have k — 6 dofs. This
means that the non-edges were implied.

Figure 10: A convex roof. Its two non-edges cannot
move simultaneously in an expansive (resp. contractive)
fashion.

Figure 11: A pointed pseudo-triangular roof. Its two
non-edges move simultaneously in either an expansive
or contractive fashion.

We sketch now the second proof. It relies on the in-
finitesimal properties of single-vertex origamis from [7],
together with expansion/contraction properties of con-
vex polygons [1] and pointed pseudo-triangulations [6],
applied to the simplest possible case of a 4-gon. They
imply that the roof realizations from Fig. 10 and 11
have the expansion/contraction properties stated in the
captions. We create a realization of a 7-ring by glue-
ing together six pointed pseudo-triangular roofs and one
convex roof (we give it explicitly). More generally, for

any ring of more than 7 roofs we show the existence of a
generic realization in which each non-edge used in glue-
ing two roofs is implied. We remark that, if non-edges
within each roof are implied for one generic realization,
then they are implied for all generic realizations.

Lemma 5 For all odd rings of 2k, k < 3 pseudo-
triangular roofs and one conver roof, and for all even
rings of 2k — 3, k > 4 pseudo-triangular and 3 conver
roofs, the glueing non-edges are implied.

Proof. The increase/decrease patterns of the two non-
edges for the roofs are: "both expansive” (for the
pseudo-triangular case), and ”"one expansive, one con-
tractive” (for the convex case). Assume that there exists
an infinitesimal motion that changes the length of one
glueing non-edge, and without loss of generality assume
the expanding direction of the motion. When followed
along the ring back to the starting non-edge, the pat-
terns imply that the motion must go there in the reverse
order (decreasing), a contradiction. O

This concludes the proofs.
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