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1. Introduction

The star graph has been proposed in 1986 [1] as an attractive alternative to the n-cube. As a new
interconnection topology, it possesses rich structure and symmetry properties as well as many desirable
fault tolerant characteristics [1,2,3] and it compares favorably with the n-cube in many aspects. In this
paper, we show that an n-star can be decomposed into (1 —2)! disjoint cycles of length (n —1)n. These

cycles may be used as basic unit in designing algorithms on star graphs.

This paper is organized as follows. In Section 2, we give the definition as well as some basic pro-

perties of an n-star. Section 3 describes the decomposition of an n-star into disjoint cycles.

2. The Star Graph

Given a set of generators for a finite group G, the Cayley graph with respect to G is defined as fol-
lows. The vertices of the graph correspond to the elements of the group G, and there is an edge (a, b)
for a, beG if and only if there is a generator g such that ag =b. We require that the set of generators be

closed under inverse so that the resulting graph can be viewed as being undirected [1].

Let G be a permutation group, we represent a permutation by aja; * - - @, where g; € {1, 2, ..., n}
and g;#a;j if i#j. A star graph on n symbols or an n-star is a Cayley graph of n! nodes with generators
{i23...(i —1)1(i +1)..n | 2<i<n}. The vertex set V is the set of all n! permutations on n symbols. We
denote an n-star by S, (Fig. 1). From the definition of an n-star we know that S, is a regular graph of
degree n —1. Each node (permutation) in S, is connected to n —1 nodes (permutations) which can be
obtained by interchanging the first symbol of the node with the i th symbol, i=2, 3, ..., n. We call these
n —1 connections the dimensions. Thus, any node in S, is connected to n —1 nodes along dimensions i,

i=2, 3, ..,n. For any node A =aja; * * - a, in S, define functions f and / as follows:
f(@az - ap)=ay,
l(ayaz * - - ap)=ap.
The vertices of S, can be partitioned into n groups, S, -1(i), 1<i<n. Each S, (i) is defined as
the subgraph of S, induced by all vertices 4 with /(4)=i. It can be seen that S, —1(i) is a (n —1)-star.
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For example, S4 in Fig. 1 contains four 3-stars 53(1), $3(2), S3(3), and S3(4).

3. Decomposing a Star Graph into Disjoint Cycles
In this section, we give a partition which decomposes an n-star into disjoint cycles.

We begin with an example. Assume that d;=i, i=2, 3, .., n. Let the starting node be a1az * * * @,.
If we visit the nodes along the dimensions 2, 3, .., and n, repeatedly, starting from starting node

Aj=aa;3 - * - ap, wWe get a cycle Ay, A2, ... A(n-1)n a5 follows:

Ajq: a18203...0n  A(p-1)+1 An@132..8n =1 oo A(n-1)(n -1)+F 9243d4..--01
A3 a20103....8n  A(p-1)+2 A10p82.-dn -1 oo A(n-1)(n-1)+3 33@24d4....01
A3 a3a1a2...0n  A(p-1)+3 82an01-n -1 oo A(n-1)(n —1)+3 944203....a1
Ap—1: A -10182..Gy  A2(n-1): Gn—20n81.-Gn—1 - A(n -1)n* Ana@2a3..ap -141

All the nodes are easily seen to be distinet, thus the length of the cycle is (n —Dn.

Lemma 1. Let dads * - * dn be a permutation of the symbols 2, 3, ..., n. In S, if we start from an
arbitrary node and visit nodes along dimensions da, d3, ..., dn, d2, d3, ... etc. repeatedly, then we get a
cycle C of length (n —1)n such that CNS, —1(i) is a path containing n —1 vertices for i =1, 2, ..., n.

Proof. If d,=n, it is easy to see that for any permutation dxd3 - * * d,,, once the cycle goes into a
(n —1)-star S, _1() in S, for some i, it visits n —1 nodes in this S, —1(i) before it goes out along dimen-
sion dy=n. So CNS,—1(i) is a path of length n —1. In case g;=n, 2<i <n, we can cyclically shift permu-
tation daods * * * dj —indj 41.--dp 10 di 41 * * * dpd2d3...dj —1n and pick a node A’ as the new starting point,
which is obtained by visiting nodes along dimensions d2d3...d; -1 starting from 4 =a1a3 * - * ap. Using
the new starting point and new dimensions d; +1 * * * dpd2d3...d; —1n We get a cycle which is similar to the

above one. O

We will now describe a set of starting points of the (n —2)! cycles. For each starting point we also
define the set of dimensions that are needed to generate the cycle. We will then prove that these (n —2)!
cycles of length (n —1)n are disjoint.

Let a starting point be 1*n, where * is a permutation of symbols in {2, 3, ..., (n—1)}. With each
starting point of the form 1*n, we will associate a unique permutation dad3 * - * dp-n. By Lemma 1,
node 1*n together with dyds..d,-1n gencrates a cycle of length (n—1)n in S,. We call Dr =
dads - * - dp—1n the permutation associated with the starting point T=1*1. We denote the cycle gen-
erated by the starting point T and its associated permutation D1 by C (T, Dt). For any starting point of
the form T=1*n, the permutation Dr=dd3...dn—1n is defined as follows. Let Pt be a function such
that for T=1t3 * * * th 11,

Pr(i)=j if and only if t;=i,
then
dads * * * dp-1 = Pr(Pr(3)..Pr(n —1).
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From this definition, we can see that the cycle C(T, D1) = Vi, V2, ..., V(n—1)n With T=V1=1"n

has the form as shown in Fig. 2, i.e.,

n ifn |i
Vi) =
f ) {i mod n otherwise ®
and
i—1
Lemma 2. For two starting points U; and V7 of the form 1*n in S, with U; #¥], we have
C (U, Dy,) N C(V1, Dy,) = @. 3

Proof: Assume Up=Vj. Let the cycle C(Uj, Dy,) be Ui, Uz, .., Upn-1)n and the cycle
C(V1, Dy,) be V1, V3, ..., V(u—1)a. Suppose C (Ui, Dy,) N C(V1, Dy,)#@, so U;=Vj for some i and j.
We have

N

1

1) =105 =n- 123 = -2, @
and
JW)=f()) =i=jmodn )

Therefore i =j. Let
U=Vi=aaz - "ap-1ap
for some i >1. If a;>1 we have
U,'..l = (01-1)02..01....0,,
Vi-1 = (@ —1a3....ay..a
otherwise
U;-1 = nay..ay....an
Vi -1 = nas....ay..ap.

So U;—1=V;—1. Repeating this argument, we derive that U; =V}, a contradiction. Hence the Lemma. O
We are now ready to state our main result of the paper.
Theorem 1. An n-star S,, can be decomposed into (n —2)! disjoint cycles of length (n —1)n.

Proof: There are (n —2)! starting points of the form 1*1 in an n-star S,, where * is a permutation
of {2, 3,..,n—1}. Each of them uniquely determines its associated permutation dod3 * * * dp —1n. By
Lemmas 1 and 2, we have (1 —2)! disjoint cycles of length (n —1)n. O

Fig. 3 shows two cycles in Sy.
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Starting point
1234 4231
c
a
3214 2134 3241 2431
2314 3\24 234 3421
d b
1324 4321
3412 2413
a c
4312 14 413 1423
134 4132 124 123
b d
3142 2143

Figure 1. A 4-Star.

Starting point with Figure 2. A Cycle in S_.
permutgtion 2 3 4.
1234 4231
4
14 2134 3241 2431
3124 2341
2314 3421
1324 4321
Suarting point with?”"
permutation 3 2 4. 3412 2413
431 1423
1432 4213
1342 4123
4132 1243
3142 2143

Figure 3. Two Cycles in S,.
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