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A NOTE ON SEPARATION OF PLANE CONVEX SETS
( Extended Absrtiract
by

Eduardo Rivera-—Campo

1.~ Introduction.

Aline ! separates a set 4 from a collection S of
plane sets if A is contained in one of the closed
halfplanes defined by 1, while each set in $ is contained
in the complementary closed halfplane.

H. Tverberg [1], proved that for every positive integer
k, there is an integer NCk> with the following property:
If F is a collection of NCk> or more convex sets in the
plane with pairwise disjoint relative interiors, then there
is a line that separates a set in F from a subcollection
of F with at least k sets.

In this note, we show that in any family F of n 2 2

‘plane convex sets with pairwise disjoint relative interiors,

there is a pair of sets A, B such that every line that
separates A from B, separates either A or B from at

least rh+58/BO] sets in F.
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2. - Main Results.

We start with a lemma which we state here without proof.
Lemma 1.- Let A‘, Az. As’ A‘ and As be convex sets in the
plane with pairwise disjoint relative interiors. If for
each pair of integers i, j, with 1 i< j =65, lij is a
line that separaf:es A_L from Aj, then for some pair s ,T,
there is a set At with s =2 t = r such that l” does
not meet the interior of At.l

The main result in this note can now be presented.
Theorem 2.- Let F =< A‘.Az,...,An 3> be a collection of
convex sets in the plane with pairwise disjoint relative
interiors. For each pair i, j, with 1 =1 < J £ n, let
lij be a line separating A_‘ from Aj. There is a pair
s, r, such that the line l" separates either A. or Ar

from at least [n+58/60'| sets in F.

Proof.- Define a bipartite graph G as follows: There is

a vertex u, in 6 for each set Ak, and a vertex vtj
for each line z'ij' A vertex u, is adjacent, in 6 , to a
ver tex vi"i if and only if l_u, does not meet the interior
of Ak'

Using lemma 1 and the fact that for each pair i, j, with
1 £41i < jJ £n, the line l..‘j does not meet the interiors of
At and Aj, one can see that the number of edges in G is
at least (D) / ("7 ) * (7 ) = nCn-13CnB8>,80. This
implies that the average degree of the vertices vi..i is at
least [n+58-30]. Choose any vertex v in 6 with

sk

degree at least [n+58-307; the corresponding line L,
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does not meet the interior of at least [n+58/30] sets in
F. It is clear that lsk separates either As or Ak
from at least [n+58-30]/2 = [n+58/60| sets in F. =

As a corollary, we obtain the following result:
Corollary 3.- In any collection F of n plane convex
sets with pairwise disjoint relative interiors, there is a
pair of sets A, B, such that any line separating A from

B, separates either A or B from at least [n+58-60]

sets in F.»
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