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Abstract

In this paper we characterize a weak vigibility polygon in terms of the shortest path between two arbitrary
vertices of the polygon. This characterization establishes the relationship between convexity and visibility
and more precisely, the characterization captures the convexity of shortest paths in a weak visibility polygon.
Due to convexity of shortest paths, the characterization leads to three efficient algorithms for weak visibility
polygons as follows. We propose a linear time algorithm to determine whether a polygon P is weakly visible
from a given segment st. This algorithm can be viewed as a simplification of the linear time algorithm of
Avis and Toussaint [AT81] for the same problem. If P is weakly visible from st, we propose a linear time
algorithm for computing the shortest path tree rooted at any vertex of P. The recent result of Heffernan
and Mitchell [HM89] can also solve the same problem in linear time using an entirely different technique. If
the given polygon P of n vertices is weakly visible from a convex edge, we propose an O(n?) time algorithm
for computing the maximum hidden set in P. The problem of computing the maximum hidden set in an
arbitrary polygon is known to be NP-hard and no polynomial time algorithms are known for any special
class of polygons.
1. Introduction

In the recent past, shortest paths have been used to compute the weak visibility polygon of a polygon
P from a given segment [GHLST87,T86] or a set [G86] inside P. If a polygon is weakly visible from an
internal segment st then it is known that for any vertex v, the shortest path from s to v, the shortest
path from t to v and the segment st form a funnel, where st is the base of the funnel and v is the cusp of
the funnel. However, no property of the ghortest path between two arbitrary vertices of a weak visibility
polygon is known. Here we characterize weak visibility polygons in terms of the shortest path between two
arbitrary vertices. The characterization establishes the relationship between convexity and visibility and
more precisely, the characterization captures the convexity of shortest paths in a weak visibility polygon.
Due to convexity of shortest paths the characterization leads to three efficient algorithms as follows. We
propose a linear time algorithm to determine whether a polygon P is weakly visible from a given internal
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the algorithm of Avis and Toussaint [AT81] for the same problem. If P is weakly visible from st, we propose
a linear time algorithm for computing the shortest path tree rooted at any vertex of P and the doubly
linked list is the only data structure required in the algorithm (omitted in this version, see [GMPSV90)).
The recent result of Heffernan and Mitchell [HM89] can also solve the same problem in linear time using an
entirely different technique. However, it is also possible in linear time to compute the shortest path tree in
a weak visibility polygon P where the segment st is not given (see [PGV90]). Our algorithm for computing
the shortest path tree and the algorithm in [PGV90] use two different techniques though both algorithms
are based on the characterization of weak visibility polygons. If the given polygon P is not weakly visible
from any internal segment, the best known algorithm for computing the shortest path tree runs in O(n) time
[GHLST87, Ch90]. If the given polygon P of n vertices is weakly visible from a convex edge, we propose an
O(n?) time algorithm for computing the maximum hidden set in P. The maximum hidden set of a polygon
is the maximum cardinality set of vertices such that no two vertices of the set are mutually visible. The
problem of finding the maximum hidden set in an arbitrary polygon is known to be NP-hard [S87] and no
polynomial time algorithms are known for any special class of polygons.

‘We assume that the simple polygon P is given as a counterclockwise sequence of vertices vy, v2,...,Un With
their respective z and y coordinates. We assume that no three vertices of P are collinear. The line segments
V1V2, ...y Un—_1Un, U ¥y are called edges of P. The symbol P is used to denote the region of the plane enclosed
by P and bd(P) denotes the boundary of P. If p and ¢ are two points on bd(P) then the counterclockwise
bd(P) from p to g is denoted as bd(p,gq). If the interior angle at the vertex v; is convex, then v; is called
a convez vertex. An edge v;vi4+1 of P is called a convez edge if both v; and v;4; are convex vertices. Two
points are said to be visible if the line segment joining them lies totally inside P. If the line segment joining
two points touches bd(P), they are still considered to be visible. A point p is said to be weakly visible from
an edge or an internal segment st, if there is a point z in the interior of st such that p and z are visible. If
every point in P is weakly visible from st then P is said to be weakly visible from st and P is called a weak
visibility polygon. If a polygon P is weakly visible from a convex edge vxvg41, we call the edge vkve41 @
convez visibility edge. Let SP(u,v) denote the Euclidean shortest path inside P from a point u to another
point v. For any vertex u of P the shortest path iree of P rooted at u, denoted as SPT(u), is the union of the
shortest paths from u to all the vertices of P. Let st be an internal segment of P such that s and ¢ belong
to bd(P). If st cannot be extended either from s or from ¢ without intersecting the exterior of P, we call
it a chord of P. If a polygon P is weakly visible from st, st is called a visibility chord of P. A chord st of P
divides P into two polygons and we call them the subpolygons of st.

The paper is organized as follows. In Section 2 we characterize polygons weakly visible from a convex
edge or a chord. In Section 3 we propose an algorithm for computing the maximum hidden set in a polygon
weakly visible from a convex edge.

2. Characterizing weak visibility polygons

In this section, we characterize polygons weakly visible from a convex edge or a chord in terms of shortest
paths. We start by stating the known properties of shortest patho in weak visibility polygons. If a vertex v;
of P is weakly visible from a convex edge mrigy o Pythen the - lowe properties hold.

1. SP(vk41,v:) makes a right turn at every vertex in the path.

2. SP(vi,v;) makes a left turn at every vertex in the path.
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3. SP(vk,v;) and SP(vk41,:) are two disjoint paths and they meet only at v;.
4. The region enclosed by SP(vk,vi), SP(vk+1, v;) and vEVk41 i8 totally contained inside P.

It can be seen that the above properties are of shortest paths between the vertices vx and vx41, and any
other vertex v; of P. So, they do not suggest any property of the shortest path between two arbitrary vertices
v; and vj of P. However, the shortest path between two vertices of a weak visibility polygon do satisfy a
property as shown in the following lemmas. We omit the proofs of all the lemmas in this version.

Before we state the lemmas, we need some notations. For any two vertices v; and vj, chain(v;,v;) denotes
either bd(vi,vj) or bd(vj,vi). If chain(v;, v;) contains an edge vxvk4+1, We call it same chain (vi, vj, VkVk41)-
If chain(v;,v;) does not contain vkvx 41, we call it opposite chain(vi, vj, vkVk+1). In Figure 1 the vertices of
same chain(vz, ve, v3v4) are v2,v3, V4, Vs, V6 and the vertices of opposite chain(vz, ve, vavs) are ve, V7, V1, V2-
We now state our lemmas.

Lemma 1: If P is weakly visible from a convex edge vxVk+1 of P, then for any two vertices v; and vj where
v; belongs to bd(vk41,v;), all vertices of SP(vi,v;) belong to opposite chain (vi,vj, vkvr+1) (Figure 2).
Lemma 2: Let vxvx41 be a convex edge of a polygon P. For any two vertices v; and v; of P where v;
belongs to bd(vk+1,v;), if all vertices of SP(v;,v;) belong to opposite chain (vi, vj, VkVk+1), then SP(vi,vj)
makes a right turn at every vertex in the path and SP(vj,v;) makes a left turn at every vertex in the path.
Lemma 3: Let vxvi41 be a convex edge of a polygon P. For any vertex v; of P if SP(vk41,vi) makes a
right turn at every vertex in the path and SP(vk,v;) makes a left turn at every vertex in the path, then P
is weakly visible from vk Vk+1- ’

Theorem 1: Let vxvi41 be a convex edge of a polygon P. The following statements are equivalent.
1. P is weakly visible from vk Vk+1.

2. For any two vertices v; and vj of P where v; belongs to bd(vk41,7;)s SP(v;,v;) passes only through
vertices of opposite chain(v;, vj, VrVk41)-

3. For any two vertices v; and vj of P, where v; belongs to bd(vk+1,7;), SP(vi, v;) makes a right turn at
every vertex in the path and SP(v;v;) makes a left turn at every vertex in the path.

4. For any vertex v; of P, SP(vk41,vi) makes a right turn at every vertex in the path and SP(vk,vi)
makes a left turn at every vertex in the path.

Proof: (i) implies (ii) by Lemma 1, (ii) implies (iii) by Lemma 2. (iii) implies (iv) as a special case and (iv)
implies (i) by Lemma 3. Q.E.D.

The above theorem characterizes the polygons that are weakly visible from a convex edge. Now we
consider polygons that are weakly visible from a chord st of P. The chord st divides P into two subpolygons,
one bounded by st and bd(s,t) and the other by st and bd(t. <). It can be scen that st is a convex edge of
both the subpolygons and therefore. Theorem 1 holds foor eoeh of them.

So far we have stated the propertics of the <hortest path between Lwo - rtices of the same subpolveon of a
visibility chord. Now we state three properties of the shortest path between vertices of different subpolygous.

Before we state these properties in the following lemmas, we need the definition of an eave. An edge v;v; of
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SP(vk,vm) is an eave if SP(vk, V) makes a right (or left) turn at v; and makes a left (respectively, right)
turn at v; where v;,v;, v and v,, are distinct vertices.

Lemma 4: If st is a visibility chord of a polygon, then the shortest path between two vertices in the same
subpolygon of st has no eaves.

Lemma 5: If the shortest path between two arbitrary vertices in a weak visibility polygon has an eave, then
every visibility chord of the polygon intersects the eave.

Lemma 6: In a weak visibility polygon, the shortest path between two arbitrary vertices has at most one
eave.

It can be seen that if the shortest path between any two vertices of a polygon has no eave, then the
polygon need not be a weak visibility polygon (for example, a spiral polygon).

3. An algorithm for computing the maximum hidden set A

The maximum hidden set of a polygon is the maximum cardinality set of vertices such that no two
vertices of the set are mutually visible. The problem of finding the maximum hidden set in an arbitrary
polygon is known to be NP-hard [S87]. In this section, we propose an O(n?) time algorithm for the following
problem. Given a polygon P weakly visibile from a convex edge, compute the maximum hidden set of P.

Without loss of generality, we assume that P is weakly visible from the convex edge vnv;. For any two
vertices v; and v; where 1 < j < i < n, the maximum hidden set of opposite chain (v;,v;,v,v;) is denoted
as mhs(i, j). The cardinality of mhs(i, j) is denoted as smhs(i, j). In the following lemma, we present the
main idea used in the algorithm.

Lemma 7: Assume that P is weakly visible from the convex edge v,vy. For any two vertices v; and v;
where 1 < j < i < n, smhs(i, j) = maz(smhs(i,k + 1) + smhs(k — 1,j), smhs(i — 1,5)) (Figure 3), where
vy is the vertex following v; in SP(v;,v;).

Corollary : If v; is the vertex following v; on SP(v;,v;) then smhs(i,j) = maz(smhs(i,j + 1), smhs(i —
1,5))-

Lemma 7 suggests a simple procedure for computing the maximum hidden set of P using dynamic
programming. It can be seen that mhs(n, 1) is the maximum hidden set of P. In the algorithm, for all values
of iand j where 1 < j < i< n, smhs(i, j) is computed using Lemma 7 and is stored in location A(3, j) of the
array A. We trace the path of computation backward from the location A(n,1) and reach a set of locations
of the array. Each such location corresponds to a vertex of P and these vertices together.form the maximum
hidden set of P.

Theorem 2: Given an n-vertex polygon P weakly visible from a convex edge, the algorithm Hidden-set
finds the maximum hidden set of P in O(n?) time.

References

[AT81] D. Avis and G.T. Toussaint, An optimal algorithm for determining the visibility of a polygon from
an edge, IEEE Transactions on Computers, C-30 (1981). pp. 910-914.

[Ch90] B. Chazelle, Triangulating a simple polygon in lnear fi.,g}Tvrhni(:al Report No. CS-TR-264-90.
Princeton University. May 1990.

[G86] S. K. Ghosh, Computing the visibility polygon from @ convez set, To appear in the Journal of
Algorithms.



97

|[GHLST87] L. Guibas, J. Hershberger, D. Leven, M. Sharir and R. Tarjan, Lincar time algorithms for
visibility and shoricst path problems inside triangulated simple polygons, Algorithmica, 2 (1987), pp.
209-233.

[GMPSV90] S. K. Ghosh, A. Maheshwari, S. P. Pal, S. Saluja and C. E. Veni Madhavan, Character-
izing weak visibility polygons and related problems, Technical Report 1ISc-CSA-90-1, Department of

Computer Science and Automation, Indian Institute of Science, Bangalore, January 1990.

[HM89] P. J. Heffernan and J. S. B. Mitchell, Structured visibility profiles with applications to problems
in simple polygons, Proceedings of the Sixth Annual ACM Symposium on Computational Geometry,
June 1990.

[PGV00] S.P.Pal, S. K. Ghosh and C. E. Veni Madhavan, Algorithms for weak visibility polygons, Technical
Report No. 1ISc-CSA-90-2, Dept. of Computer Science and Automation, Indian Institute of Science,
Bangalore, India, January 1990.

[S87] T. Shermer, Hiding people in polygons, Technical Report SOCS-87.18, School of Computer Science,
McGill University, 1987.

[T88] G. T. Toussaint, Shortest path solves edge-to-edge visibility in a polygon, Pattern Recognition Letters,
4 (1986), pp. 165-170.

V' vy
Vs
vp Ve
v,
vy 4
Figure V.

Figure 3.

A" Yk+1

Figure 2.



